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@ VALUE & RISK Stochastic Interest Models ENAMEG

given: dfp|; term structure of zero bonds (discount factors) at time t

— notions of interest rates:

o
* instantaneous forward rate f(t,T) = —Wlmijm
. J .
short rate r(t) = — jll_l}i&r 5T In df 7y
= lm f(¢t,7)
T—ty ' '
1t
* (continuously compounded) zero rate R(¢t,T) = ﬁf f(t,s)ds
—t ),

» forward rate

R 1 dfrne  RE,T)T" —t)— R(t, T)(T —t)
ROTW = ™ g, = T T

1 r

= o7 ), fts)ds




@ VALUE & RISK Stochastic Interest Models ENAMEG

HJM framework — related descriptions of stochastic interest
in terms of
- shortrate 7(7)

- instantaneous forward rates f(t,7")

- zero rates R(t,T) — market rates

- forward rates R(T,7’|t)  (money market)



@ VALUE & RISK ENAME c

1. Interest Product Valuation

« Stochastic Interest Models
 Short Rate Models

« Pricing of IR Derivatives
 Market Forward Rate Models

2. Credit Derivatives Valuation

« Stochastic Credit Default Models
« Pricing Credit Default Swaps

« Stochastic Intensity Models

« CDS Options

« CDS Rate Models



@ VALUE & RISK Short Rate Models

stochastic process for the short rate:
dr(t) = p(r(t),t)dt + a(r(t), t)dW
e /i 1s the drift

e o is the (local, deterministic) volatility

e W is a Brownian motion

— zero bond prices:

P(t,T) = Et[e_ffT""'(S)dS]



@ VALUE & RISK Short Rate Models @

stochastic process for the short rate:

dr(t) = p(r(t), t)dt + o(r(t), t)dW
e ;118 the drift < calibration to term structure

e o is the (local, deterministic) volatility

e W is a Brownian motion

— zero bond prices:

P(t,T) = Et[e_ffT""'(S)dS]



@ VALUE & RISK

ENAMEC

Short Rate Models

comparison of popular short rate models:
model dynamics 0F0[r>0|r~ EBP | EOP
|-factor Ty =T+ 0y
V dry = a(f —ry)dt + odW N [N |N Y |Y
HW dry = alfly — ry)dt + odV Y N N Y Y
BK dlor, = (g —alnr)dt+odW|Y |Y | IN N [N
CIR dry = (= ry)dt + 0\ fredW N |Y |NCy |Y |Y
CIR++ dv; = a(f - ;)dt + 0 /1 dW Y Yy |SNCy* |Y |Y
-factor Iy = T4+ Lo+ 0y
GQ/GQJrJr dl'i’t = &1(91' - ZL'Z'J;)(# + Oidwi N/Y N N Y Y

] = 1, 2; dWldWQ = pdt
LS/CIR2++ | duiy = ;{0 — iy )dt + 03, /T gdWi | NJY | Y]g] |IN Cx*/ | Y for | Y for

1= 1,2, AW dWy = pdt ESNC | p=0|p=0




@ VALUE & RISK Short Rate Models @

affine term structure models:

Rt,T) = alt,T)+ Bt T)r(t)

P(t,T) = o~ (@(t.D)+B(t.T)r(t)(T—1)
=: A(t,T)E_B(t'-T)"“(t}
Lemma: If the short rate process
dr = p(t,r)dt+o(t,r)dW

has affine coeflicients,

u(t,r) = At +n(t)
o(t,r)? = ~A(t)r+5(t)

then, the model has an affine term structure.



@ VALUE & RISK

examples of affine term structure models:

Sh

ort Rate Models

model | A 7 o)
V —a af 0 o
CIR —a ab o? 0
HW —a af(t) 0 o7
CIR++ | —a af(t) oz 0

1
y(t)B(t,T)* + 1

oB(t,T)
: At)B(t,T) — =
) L AOB(T)
OA(t, T
E)z‘ ) _ n(t)B(t,T) +

2

1ti(zt)B(zf,T)2

0,

0,

e ——
o f: -

ENAMEC

functions A and B are related to the affine coeflicients by

B(T,T) =0

AT, T) =1

— explicit solutions for particular coefficients, e.g. like V, CIR



@ VALUE & RISK Short Rate Models enamec
Gaussian model (Vasicek):

dr = a(0@—r(t))dt + ocdW,

t
r(t) = 7(s)e 079 91 — e 79y 1 0/ e~ W g,

moments given by:

Elr(t)|F,] = r(s)e™ %) 4 4(1 — e~ *79))
2
o
, ) — 1 - —2a(t—s)
V{r ()| F] ool —e ]
term structure given by: , )
4@ e E(E—g—a][B{LT}—T-I—:&]—%B{LT]E
1

B(t,T) = —[l—e*TY]
a



@ VALUE & RISK Short Rate Models EN"AME c
explicit European option price:

P‘»";a[r_gf;pm;zg(t T S,. Xr) = P(f T)EIHZI:(P( }. S) — JXF)}—I_ .,FJ{]
— +P(t,T)[P(T, S)N(+d, ) — X N(+d_)

dy = In

1 — e—2a(T—t) i}
o, = O 5 B(T,S)

essential ingredient for calibration to
- swaption quotes (volas)
- caplet quotes (volas)




@ VALUE & RISK Short Rate Models

CIR model:

dr = a(0 —r(t))dt + o\/r(t)dWV;

1st and 2nd momentum given by:

E[r(t)|F] = r(s)e %) 4 9(1 — e7=9))

2

VIr@)|F] = r(s)—[e o) _

!

term structure given by:
A, T) = AR (¢, T)

B(t.T) = BY'E(t,T)

C(t,T)

h

2a(t—s) o’ 2a(t—s)12
'f_ (|t —2=s a_ 1 L ,_ a|lrt—=s
e | +05-[1—e ]

{2 o (T—t)(h+a) /2} =1

C(t. T)
Qtf%(T_t)h 1
- C(t,T)

2h + (h +a)eT=0" — 1
Va2 + 202




@ VALUE & RISK Short Rate Models

CIR - explicit European option price:

PVt = P(t,T)E'[£(P(T,S) - X)]"|F]

1 1
= P(tT)P(T,5)(*(dsiv.Ay) = 5 % 5) = X(0Pd-im M) = 5 £ 3)
e 2[p+-'¢[)+B(T,S)(%i%)]1 A(T, S)
= T B(T, S) X
4a6
YT 2
)\i QpQT(t)Bh(T_t)

T )+ U +B(T, 9L +))

o 2N
P= R2(eh@—9 _ 1)

a—+ h
B

g



@ VALUE & RISK Short Rate Models

deterministic shift extension: — enables calibration to term structure
dre = p(we; 0)dt + o(ae 0)dW

re = @+t 0) 0 are a collection of model parameters.
= dre = [u(re = o(t:0);0) +— o(t;0); 0)dW
EBP

P*(t,T:0) = Ex[e_frT“dﬂF‘r] B 115(¢, T, 2, 6)

— P(t,T:6,p) = E[e ) mo|F]
= o [ #lst)ds T, T, 243 6)
calibration: calibrating P(0,T:6,p) = PM(0,T) is equivalent to calibrating
fE0,5:0) +(t;0) = fY0,t) — ot 0)
PVt T.8,X:0) = Ele i “®[£(PY(T,5) — K)]*|F7]

FeP e, (1T, S, X, 24 6)

= PVoaryput(t, T, 5, X;0,0) = e elef)ds g (t T8, Xelr plefis . —(s,0);0)

option prices calibrated to term structure curve



@ VALUE & RISK Short Rate Models ENAME c

shifted Gaussian model (Hull White):
dr = [O(t) — ar(t)]dt + cdWV,

calibration to term structure:

_, d

i) = (5 +a)e(t)
— (% +a)(fM(0,t) — (0, t;a,0))
_ oMo, M o ou
= FTA af (0,t) + 2—&[1 — e "]

calibration of (o,a)
— optimization problem:
minimize deviation of option prices  PVuupul(t. .5, X:0,p)
from quoted market values
(swaptions, caplets)



@ VALUE & RISK Short Rate Models ENAME :

shifted CIR model (CIR++):

dv = a(f —z(t))dt + o/z(t)dW, ; 2x(0) = x
'(t) = alt) + o0

calibration to term structure:

o(t:0) = fM0,t) — £2(0,t:6)

2a(e" - 1) . Ah2eM
2h+ (h+a)elT-th -1 “on +(h+a)elT-0h — 1

F0.60) =

calibration of (o,a)
— optimization problem:
minimize deviation of option prices PV pul(t. .5, X:0,p)
from quoted market values
(swaptions, caplets)



@ VALUE & RISK Short Rate Models

calibration of vola and mean reversion parameters

0= (a,0) € R™ x RT =5

({2(9) = HQmodel(Q) - Qta.rgetH%
n
= Z(PV HW,i (2, 0) = QBlack,i)”
1=1

inverse problem: find (o,a) such that 1(}?&1})1 d(f) is obtained

— use e.g. an adaptive lattice algorithm with logarithmic scales

"ENAMEC
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@ VALUE & RISK Pricing of IR Derivatives ENAME c'_'_
Forward Rate Agreements (FRAS)
Payoffzp4(S,T) = N7(S,T)(X — L(S,T))

_ 1
— ;\* Lg.. T X l — N
u =:B _
PVrpa(t,S,T) = NP, T)r(S,T)(X — E,/L(S,T)))
=:F(t,5,71)

N|[B-P(t,T) — P(t,5)]

forward rate:

| o 1 P(t,S)
pe51) = oo (Fer )

the rate X which makes the FRA fair at time 0



@ VALUE & RISK Pricing of IR Derivatives @

numeraire P(t,1")

— forward martingale measure Q!

X, X,
= E
P(t,T) {P(u.T)}- t}

for any tradable asset X, in particular also for

X(t) = T(;T)(P(t.S) — P(t,T))




@ VALUE & RISK

Swaps

Payoftpr s /PIRS

PVgrrs/prrs(t; T, 7)

Pricing of IR Derivatives

=1

+ 3" N7(X — L(T, 4, Th))

+ Z Payoftppa(Ti-1,Ti)

=1

Zl: Z PV}TRA(t: 7:'.—1: jﬂ?)

=1

+N Z P, T)m(X — F(t,T;_1,T;))

1=1

+ [NP(t,Ta) + NX Y P(t,Ti)ri — NP(t,To)

N —

/ PVern (f;T._T)

. i=1
B pi’iBo‘.r:(t;T-'T)
iNZP(t,Tz‘)Ti X~ n
i=1 —




@ VALUE & RISK Pricing of IR Derivatives

forward swap rate

P(t,1q) — P(t,15,
Son(t) = St To, T) = L lol = LU An)

1 L TI]!- 1
" — i 1
2 i1 Ti szl 1+7; F; (1)

the rate X which makes the swap fair at time O

numeraire C(t) := ZP(#T}'.)T;
i=1

— swap martingale measure

X | X

for any tradable asset X, in particular also for

X(t) = P(t,Ty)— P(t,T,)



@ VALUE & RISK Pricing of IR Derivatives ENAMEC
swap rate in terms of forward rates |

o T ST P Ty

— Z "(U.i_(t)Fi(f)
i—1
= P(t, T;)
> ic1 TP (2, T3)

w; ( t )

| J Ve
J=1 1+Tij (t)

n z 1

linear approximation:
w;(t) ~ w;(0)



@ VALUE & RISK Pricing of IR Derivatives

European Bond Options

- +
T
Payoff, o puep (6. T: T, 7) = |£(D_ P(T.T;)Ci — X)
- +
= Y GI(T, T, 7(T)) — X)
| i=1
Jamshidian Lemma (1989):
Let »* be a solution of
Y GIT,T,r") = X
- N
Assume that the analytic zero bond price satisfies the monotonicity
oll(Ty, T,
L2070, fr0<T<T
or
n +
Then 14N~ ez, 7. r(T) - X) Zc‘* (T, T, ~(T)) — (T T;, r*))]*

i=1
Monotonicity condition is satisfied for affine term structure with A.B>0
— HW, CIR++ applicable  pv,,, ..t 7:7,7) = S CPViwjpuizn(t. 7.7, X))

i=1



@ VALUE & RISK Pricing of IR Derivatives @

Swaptions

_|_
Payoffgs/ps = N q:ZP To, Ti)7:(F(To, Ti—1, T}) — X)}

N
= N i(ZP(Tg,]})Cil)}

C; = X7 fore=1,....n

N
-
-t

X1, +1

PVrs/psipt,T;T,7) = Y CiPVeaujpurze(t, T, Ti, X;)

i=1



@ VALUE & RISK Pricing of IR Derivatives ENAME ° 

Bermudean bond options / swaptions: — tree algorithm e.g. trinomial

1. use tree approximation for a time- P, , Riiv1je)
homogeneous short rate process (V,CIR): //,j/
R )y << - * Riit1,)
) ] | R“QQLH AR = 5\/3At
dr (f) = —qar (f) dt + o dWW (f) T Ry
iAt (i+1)At

2. determine branching probabilities from the moments
Elr(®)F] — p% AR+ pf, (—AB’) — —ajARAt
Vir@)|F] — HAR? + 9], JAR® = o?At+a’ AR AL

Pijy + Plig) +p = 1



@ VALUE & RISK Pricing of IR Derivatives ENAMEC
tree algorithm e.g. trinomial

2. determine tree-approximation for the calibrated
shift extended short rate process (HW,CIR++):

— calibrate the shift ; = R('i~j) _ R?‘H)
' ‘
to the market term Structure P(0,T):
! i+1
P(U (-? -+ Q)Af) = (_»_Cuﬂﬂr Z Q(-? 1 l A?.)Ef‘_;'?ﬂRﬂr
k=—(i+1)
with QGi+1,7) = P, @3, j — u)e (HUTVARAL

Dy @i, § — m)e(@HIFmAR) AL

s jayQ(i, 5 — d)e (O UTDARA

3. determine the underlying prices 77, ;)(s)on the tree

4. evaluate the derivative backward through the tree



@ VALUE & RISK Pricing of IR Derivatives EnamEC
summary:

bonds, FRAs, swaps:

can be priced as linear combination of zerobonds

with respect to an appropriate numeraire

European bond options, swaptions:
can be priced as linear combination of options on zerobonds

caps/floors:
can be priced as linear combination of European options on forward rates

Bermudean options/swaptions:
can be priced using a tree-approximation for the short rate process

exotic derivatives with strongly path-dependent payoff:
need simulation — simulation of market (LIBOR) forward rates



@ VALUE & RISK ENAME c

1. Interest Product Valuation

« Stochastic Interest Models

« Short Rate Models

« Pricing of IR Derivatives

« Market Forward Rate Models

2. Credit Derivatives Valuation

« Stochastic Credit Default Models
« Pricing Credit Default Swaps

« Stochastic Intensity Models

« CDS Options

« CDS Rate Models



@ VALUE & RISK Market Forward Rate Models ENAME c 

most important versions:

* LIBOR market model (Brace Gatarek Musiela 1997)
based on a multi-dim. stochastic process for the forward rates £ ()

« swap market model (Rebonato et al 1999)
based on a multi-dim. stochastic process for the swap rates Sy, (7)
problem: log-normal assumption can not be satisfied for both
forward rates and swap rates
but:
relevant quoted volas: caplets and swaptions

nevertheless: consider log-normal forward rate model
dbi = oi(t)Fi(t)dZ;

dZ;dZ; = p;;dt

(using the forward martingale measure)



@ VALUE & RISK Market Forward Rate Models

log-normal forward rate model

Black swaption variance is defined as

To To
(t,:o__n(To))z = /U Jo_-n_(t)dt:/[] (d1n Son(t))(dIn Son(t))

n

dSon(t) = 3 (wi(t)dF(t) + Fi(t)dw,(t) + (...)dt

i=1
n

= Z(’tba( )Oind Fy(t) + Fi(t)dw;(t) + (...)dt

k=1
- z 0+ 30 E 2 ari o) +
0, a0+ (.



@ VALUE & RISK Market Forward Rate Models enamec
Hull White approximation of the Swéption variance:

(von)? ~ i: w;(0)w, E;]D)iég}gﬂ(ﬂ)pij /DTD I

ij=1
Rebonato approximation of the swaption variance:

T

w; (0)ew (0) F ;- To
(von)? = 0 "?ESD)%.FESQFJ(O)’(” / 0i(t)o, (t)dt

ij=1

Rebonato approximation for the terminal correlation of forward rates

[0 0i(t)o () dt

0
Pii T —
L e (t)dt [ o (t)dt

— when calibrating lognormal forward rate model swaptions
consider terminal correlations of the forward rates

(Corr(F(Ty), Fy(To)) =~
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@ VALUE & RISK Stochastic Credit Default Models E”“"Ec

Assumption 1:
The default process is assumed to be a (time-inhomogeneous) Poisson process N,

with intensity A(t) (hazard rate).

Alt) = /t)\(s)ds
J 0
Nt =P A(t)

For a Poisson process N, the default time 7 is defined as
T = inf{t>0: N, =1}
Lemma: Let NV; be a Poisson processes with cumulative hazard function A.

& = A7)

is independent of A. More specifically it is an exponential standard random
variable, i.e. its cumulative distribution yields

RQIE<z] = 1—-¢"



@ VALUE & RISK Stochastic Credit Default Models

Assumption 2:

The intensity A itself follows another stochastic process /; which 1s independent

of N;.
In particular £ and \ are independent random variables.

—  Qr <t = Ey[Qe[€ < A)]
= 1 — E\ [E_J._A{t)}

i.e. the survival probability 1s
Qlr >1] = Ey[emfor]

Under presence of default 1t 1s natural, to extend the default-free filtration F, by
monitoring of the default time as additional event, yielding the filtration

G = FVol{r <u}l,u<t)

Proposition: Payoff be the default-free payoft at maturity 7°

Lr>t
=  E(l;srPayofflG;) = Q{T>;‘ F}E(lT;}TPayofﬂﬁ)
; t




@ VALUE & RISK Stochastic Credit Default Models

Definition:
A defaultable zero bond (without recovery) is defined by a payoff of 1,.7 at ma-
turity 1.

price of a defaultable zero bond (without recovery)

P(0,T) := E[D(0,T)1,-7]
= FE[D(0,T)legsnm)]

- E D(O?T)\E[lg}ﬂ(ﬂ‘?’fl

_A(T)

=&

_ K [E_— Iy (-r(:rm(:r))]

under the assumption that the processes for r and A are uncorrelated

PO.T) = PO, T)Q(t > 1)
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@ VALUE & RISK Pricing Credit Default Swaps

Payoff variants of CDS:
1. Running CDS (RCDS):

The protection payment date is 7 (payment at default).

The CDS contract holder (protection buyer) receives protection Lgd against de-
fault at 71f Ty < 7 < T,,, and pays a charge with rate R at payment dates T;,
maximally until default time 7.

discounted payoft of the running protection leg (RPL) at time ¢t < 1§

Payoffppron(t) = loy<r<n, D(t,7)Leq

o

= > g ,renD(t,7)Lyq

=1
Under default at time 7, the protection seller (receiver of the charge leg) obtains

Pa'}'TOHRCDS;O,n(t) = D(t T)(T o Tﬁ(’r]—l)RlTﬂ{’r{Tn + Z D(IL Ti)’*"iﬁlﬂgr
i=1
—Payoffzpr.0., ()



@ VALUE & RISK Pricing Credit Default Swaps @

artificial variant

Continuous Running Payment CDS (CRCDS):

T

Payoftcropson(t) = D(t,s)Rls<rds
_ I <

—Payoftppr1,, (1)



@ VALUE & RISK Pricing Credit Default Swaps

2. Postponed Payment Running CDS (PRCDS):

The protection payment date is T3+ (postponed payment).

In case of default at 7 with Ty < 7 < T,,, the CDS contract holder (protection
buyer) receives protection Lgd postponed at Tjy, and pays a charge with rate
R at payment dates T}, maximally until default time 7.

Pa'}'rOHPRPL;U,Tz(t) — Z 1Tz’—1 {TETa'D(t: E)Lgd

i=1
At T3+, the first payment date after the default, the CDS contract holder (pro-
tection buyer) receives protection Lgd against default if 7y < 7 < T},, and pays
a charge with rate R at payment dates T; with ¢ < (1) (PRCDS-) or ¢ < 3(7)
(PRCDSH).

Payoft prcps_on(t) Z D(t, Ti)7;Rl7,<, — Payoffppy.o n(t)
=1
Pa}OﬁPRCDb+O?1 ZD t, T TleT 1<T Pa'}'TOHPPL;D,Tz(t)

i=1



@ VALUE & RISK Pricing Credit Default Swaps

General pricing

PVepson(ti R Lyq) = PVropson(t; R, Lyq) = E[Payoffpopg ()]G

1T>t
= EPavoff o e () F
Qi > t|F) [Payo RC‘Db,O,n( )| Fi)
)
= = \ RE{D( )T = Td( T)-1 1) qy<rer Ff]
Q> %) SRy
\ accruah

+ZTERE (t, Ti)11,<:|Fi] — E[Payoffgpr.o..(t) ﬂ]}

=1

R |accrual; + Z 7B D(t, T;) g, <-|Fi]

1T>t
- Q{T>fft}{

—LyqBllty<rer, D(t, ) \ff]}



@ VALUE & RISK Pricing Credit Default Swaps

Accordingly, the CDS forward rate Ry, (t) is the value R* of the rate R such that
the CDS is fair at contract time ¢, i.e. such that PVeps.on(t: Ron(t), Lyq) = 0.
0, _ o

LgaEllsy<r<r, D(t, 7)|Fi)

Ron(t) = -
0.n(?) accrual, + > 70 m,Q(T; < 7|F,) P(t, T;)

Likewise, for a PRCDS the market rate i1s

L'gd Zﬂ_ E[D t*-T')lT- 1*—’:'T{T"‘;E't]
> iy i [D(t, Ty) 1o, | F]

where ¢+ = 0 for PRCDS- and ¢+ = 1 for PRCDS+.

Ro, ()" =




@ VALUE & RISK Pricing Credit Default Swaps enamec
Pricing under independence of interest rates and default times

PI"!:RPL 0.1 ( 0 )
Ly

= PVrprioa(0) := E[D(0, 7)1ry<rer,]

= E [/ D(0,t)1 ¢t tran 1 ro<r<,
0

j‘?l
- E[D(0,t)] E [1TE[t,t—|—dt]}
-
?fﬂ?l
= P(0,t) Q(T € [t.t + dt])
:{.L L. -~ -
D dQ(r > t)
=— dt
dt
<0

T
n ] Z’

— —/ P((_),t)%@(rizt)dt
at

To



@ VALUE & RISK Pricing Credit Default Swaps @

Similarly
accrualy = FE[D(0,7)(7 — Ts-1)11p<r<12]
T??..
— E [D(O: f)} (1‘, _ TB(t}—l)E [1re[t,t+dtﬂ
T
gﬁ?l
= P(0,£)(t — Th—1)Q(r € [t.t + dt])
To
T ) d
= — / PO, t)(t — Tg(t}_l)—Q(T > t)dt
To | dt

and for the charge leg it holds

PVireron(0)

= PVgcri.o0n(0)

:= accrualg + Z E[DO, T)mE[1r <]

7
i=1

— accrualg + Z PO, T)m:Q(T7 = 1T;)

i=1

— all determined by P(0,-) and Q(7 > -)



@ VALUE & RISK Pricing Credit Default Swaps @

bootstrapping survival probabilities from CDS quotes

one solves
. | 1.
0 = PVepson(0; R;;‘;(O),Lgd)
= R (0)PVreron(0) — LyqPVrprom(0)

successively with T,, = n (in years) forn =1,2,3,4,5,6,7, 8,9, 10.



@ VALUE & RISK Pricing Credit Default Swaps @

bootstrappng survival probabilities from CDS quotes

one solves
. | 1.
0 = PVepson(0; R;;‘;(O),Lgd)
= R (0)PVreron(0) — LyqPVrprom(0)

successively with T,, = n (in years) forn =1,2,3,4,5,6,7, 8,9, 10.



@ VALUE & RISK Pricing Credit Default Swaps

Implied hazard rates from CDS quotes:

Q[T = t] — ¢ T®

Q(r e [t,it+dt]) = ~(t)e TWdt
Usually for n = 1.2,3.5,7, 10 the CDS rates Rg;‘;l([]) are quoted. Between these
maturities ~y

v 1s usually assumed to interpolate i a specific form, e.g. linear or
plecewlse constant.

now consider piecewise constant 7.

Y(t) = v for te([li1,T

; B(t)-1
L) = /nf(“')d'*: Z (Tir = Ti)yi +(t = Te)-1)78(t)
0

i=1

o




@ VALUE & RISK Pricing Credit Default Swaps @

Tﬂ.
PVepson(0; R, LngF(')) = R/ P(0,t)(t — Tiy)(—y(t))e TWat

To

+R Z P(0,T,)re T

i=1
Tﬂ,
+Lga / P0,£)(t — Tr_y)(—(t))e TOqt
To
n Ti
— RZ 07 eﬁ%—P¢_1—~l,.-i(t—Ti_1)P(O’ t)(t _ E—l)dt
i=1 Ti1

+RY " P(0,T)me™

=1

" -
—Lga D i f e Timt= =T PO, t)dt
i=1 Tia

solve sucessively
|

0 = PVeps;oa(0: R%ia Lgd;’“fl

R

- . pM o~ e e 2
0 = PVGDS;D,Q(U:RO__gaL'gd; 5 — Y6 — V7 8 =7 )



@ VALUE & RISK Pricing Credit Default Swaps @

constant hazard rate:

PVerepsor = 0 1f and only if

R

!’_L—d

o
&

Note: the assumption of continuous payment !
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@ VALUE & RISK Stochastic Intensity Models

r=x+o(t;a) dr=plt,r;a)dt + o(t,r;a)dW
A=y+U(t:3) dy=pu\(t,\;3)dt + o,(t, \; 3)dZ
dWdZ = pdt

W, Z are standard Brownian motions.

constituent short rate models for » and A
shifted affine term structure models with EBP and EOP

eg. HW x HW — Schonbucher
CIR++ x CIR++ — Brigo / Mercurio

P(0,t) = E[D(0,t)] :E[E—fg-r(mu]

Q(T > t) = k [1Tf}t] =F I:Ef_ftf }«(’u)du]



@ VALUE & RISK Stochastic Intensity Models

Independent » and A\
If p =0 then both constituent short rate models can be calibrated separately.

1. Calibrate the r-model:
a) o(t;a) as a function of a, from a term structure of P(0,t), which is de-
rived from quoted LIBOR or swap rates.
b) a according to a term structure of European IR option prices, which
corresponds to quoted 1mplied volas.

2. Calibrate the A-model:
a) ¥(t: #) from a term structure of Q(7 > t), which is derived from quoted
CDS rates.
b) choose 3 such that «(t; ) > 01s sufficiently positive and /or fo U(t; B)*dt
becomes minimal (eventually respecting a predetermined expectation about
spread volatilities).



@ VALUE & RISK Stochastic Intensity Models

Correlated » and A\

g

F(8)E[lreesiaq)Fr] = [ F(5)QIr € [s, 5 + ds]|Fr,]

To a

T’Fl
+R / EP\(U)E’_ . -(-;-(S)+A(S))ds‘ft](u . Tﬁfu]—l)du

T’?l
/ E[A(u)e_ ft -(.}-{S)ﬁ‘/\(S))dS"ft] du}

1o

need: Ele~ SCORM®|F] and  E[\(t)e o O+ 7]



@ VALUE & RISK Stochastic Intensity Models

Gaussian processes for r and A:

Lemma:
Let x; and y; be Gaussian random variables. Then the combined variable

t
A, = f (s + Yo )ds
0
1s also Gaussian.

Proposition:
Let z; and y; be correlated Vasicek processes

g(a,T) = (1—e*)/a
A =my+ o,4N,4 with mean and variance
ma = (0460 = [(6 —xo)gla,T) + (6 = yo)glar, T)

a

o4 = (—)2(T—29(@,3")+g(2a-,T))+(Z—T)Q(T—QQ(GA;T)+9(2€1A,T))

)

dx a6 — 2(t)) + odW
dy = ay(6A—y(t))dt +0)dZ
AWdZ = pdt

_|_O-A(TP(T T g(a'}\:' T) — g(a._, T) —|— g(ﬂ-/\ + aqT))
— - N T ) a
p = corr(Na, Ny)
1 2
p = |:(T}\ (g(ax. T) — g(2ax. T)) + P27 (g(axr, T) — glas + a..T))]
TATy | ax a



@ VALUE & RISK Stochastic Intensity Models

Lemma:

Let A=ms+04sNs and B = mp+0osNg be Gaussian processes with
AT 04V, B BIVB

p=corr(N4, Ng). Then

. _ 1.2 _ _ 1—p 2
E(e ™™ B) = mpe ™AT2% _ joope AT 3 %
B POACRE

this yields finally explicit expressions for the expectations and

Pl’%DS‘;D,rz(O; R Lgd) — PL%DS;D,??:(O; R Lgd; O( ) g,4a, 1‘() X, Ax, /J)



@ VALUE & RISK Stochastic Intensity Models

The full G244+ model can be calibrated as follows:

1. Calibrate the HW submodel for r:
a) determine ¢(t;0,a) as a function of (o,a), from a term structure of
P(0,t), which is derived from quoted LIBOR or swap rates.
b) calibrate (o,a) according to a term structure of European IR option
prices, which corresponds to quoted 1mplied volas.

2. Calibrate the full correlated G24-+-model, keeping o(), o, a fixed:
a) Solve the condition

! . - e ,. ,
0 = PVCDS;U;H((-}; Rgfn(“)* Lgd* (.D('):' g, a, ?-1( ) Tx, AN, .-O)

for ¢(t; oy, ay, p) as function of (ay, ay, p).

b) choose (o), ay, p) such that (t; 0y, ay, p) > 0 is sufliciently positive
T . :

and /or fo U(t; oy, ay, p)*dt becomes minimal (eventually respecting a pre-

determined expectation about credit spread volatilities and/or the correla-

tion with interest rates).
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@ VALUE & RISK CDS Options

A call/put option on a CDS (payer /receiver credit default swaption) gives to its
holder the right to enter a CDS (as a protection buyer) at a future time Ty with a
fixed premium rate X . If the option is exercised and default occurs at 7 € [T, T, |,
the option holder receives a protection leg (PL) and pays a charge leg (CL) with
rate X at payment dates 7;, maximally until default 7.

The payoff of the call/put option on a running CDS with market rate RY (Ty) is

Pa'}'rOHCaEI/Put,RCDS;O,n(t) - D(t-’ TD)[$PH'YOHCDS?O-”(t; X Lgd)]—l_

— D(t TO) [iPa}OHCDS,UTE(TO Ré%rz(TO)* Lgd) ?Pa\OﬂbDSOn(TO* X~ Lgd )]

N —— —
0

D(t, Ty) [Q{T > TolFr, } ZTEP(TD,-EH
=1

]-'rj>t

- Q{T = ﬁ|FTD}

+ac:erua.1;r-o} [i(REﬁn(Tb) — X)J N
accrualy, = E[D(Ty, 7)(1 — Tary—1) 11 <r<Tn | Fro)



@ VALUE & RISK CDS Options

setting

- t:=1 for PRCDS+
PPR(Ty, T})PR = By, [D(To, Ti) 1rsr,_] >

¢ =0 for PRCDS-
the payoff of a PRCDS is

Payoft, /put,PRCDS;D,n(t) = D(t,To) [ipa-}"OffPRCDS;U,n (t; X, L’gd ) "

> PPH(T,T)

i=1

1T}t

N Q{T > t‘FTn}

D(t,Tp) [+(RYE(Ty) — X))




@ VALUE & RISK CDS Options

PI"@&EI)/put,PRCDS;D._H(ﬁ; RD._n(Ttl)) —
= E[Pa-}’OffCDs;o 2t Ron(1o), Lcrd) — Pa-"’Offc*Ds;o,n(t? X, Lgd)‘gt}

lr>e . +
— E[Q{r > 7] D(t,Ty) ZT@ETD Ti)lewr, ] [E(Ron(1h) — X)) |gt]
_.C{;_;(Tg)
— S B[ Dt To)C o (T) [£(Ron(Th) — X)]* | 7]
T QT >t F . LT > | Fy Yo P e :
1T>t 1’"_>TD _ +
T Qfr > tm—ﬂ} [ETD{Q{T Sy eSS CORS) H
1’“ 1 2 +
= ST B s Con (T0) [ (Ron(Th) = X)T¥ | 7]
L 17}?5 Cs C'él._n( ) L , Py 4+
= ot = 17y " [y ConTo) B (Ron (M) = X117
7> C§ . 1y +
= 517 = 7 ConOED [ [ (Ron(To) = X)I |
L (“’,n( ) 0,1 : +
- 1'rf>thQ{T ~ t‘FTg}JE l:[:i:(RO,n(TO) o X)] :|

_V
= 26‘11{t)



@ VALUE & RISK CDS Options

Above the numeraire
Con(t) = > TE[D(t, T)lror,| F]
i=1

1s used. In the particular case of an underlying PRCDS—, it holds

Con(t)
QT > t|F:}
> i E[DE, Ti) 1T,
QT > t|F:}

i=1

Con(t) =

Fi

CDS forward rate is martingale w.r.t. the numeraire above



@ VALUE & RISK CDS Options @

PVeatt jput PrREDS:00 (8 Ron(10)) = PVeau/put. PrReDS:0.0(8: X, Lgd)
= 1;54Ch (1) [N (dy(t)) Ron(t) — XN (do(2))]

1
dl,Z = |:111
To.n (TD — t)

Ro. () 1
% + §(T0 —1)0g .

implied volatility o, may be

used to quote the price of an CDS option
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@ VALUE & RISK CDS Rate Models

~ RD. (IL) “
Son(t) n ,CDS spreads

ZE 1 ELD (¢, Ti)1r,y <rer | Fi]

S mE[D(, T, ~1,_, | F]

> ie1 E[D(t, T)lr,_ lmf:ﬂfr}
i, (1)

for PRCDS-

a Z?zl E[D(IL* Tli"-)lTi_l“fTiTi “;Et]
Sonlt) = 3,01
'/U_.'H- .

D it '[ (t, T3) 11,y <r<m; | Fi)
Za 1 fTQ{T)‘IL‘ft}

structural analogy to the swap rate




@ VALUE & RISK CDS Rate Models

periods [7;_1,T;] of 1 year.

forward CDS rate

Ei(t) = Sit14(1)
ED(t,Ti)lr,_y<r<t,|F]

F;(t) makes the CDS over [T;_q,T;] a fair contract

Note: Under the condition of mdependent processes for interest rate and default
(p = 0), 1t holds (Schonbucher 2000) that (for 7 > t)

_ 1 (P(t,Ti-1)/P(t,Ti-1) |
) = L (PRI )




@ VALUE & RISK CDS Rate Models

gﬂ,-n.(t) - i?zlﬂﬁ(ftr@)
_ | wi(t)Fi(t)
o) nP(t,T;)

S TP, Th)

Under the condition that the 2-period forward CI_)S rate 5}- 2.i(t) on [T;— 2 T;] is
different from the later (1-period) forward rate F;(t) = S;_1;(f), the following
iteration formula holds:

Pt,T;) = P@t,T,1)"



