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Stochastic Interest Models

given:            term structure of zero bonds (discount factors) at time t

→ notions of interest rates: 

• instantaneous forward rate 

• short rate

• (continuously compounded) zero rate 

• forward rate 



Stochastic Interest Models

HJM framework → related descriptions of stochastic interest
in terms of 

- short rate

- instantaneous forward rates

- zero rates

- forward rates
→ market rates
(money market)
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Short Rate Models

stochastic process for the short rate: 

→ zero bond prices:



Short Rate Models

stochastic process for the short rate: 

← calibration to term structure

→ zero bond prices:



Short Rate Models

comparison of popular short rate models:



Short Rate Models

affine term structure models:



Short Rate Models

examples of affine term structure models:

→ explicit solutions for particular coefficients, e.g. like V, CIR



Short Rate Models

Gaussian model (Vasicek):

moments given by:

term structure given by:



Short Rate Models

explicit European option price:

essential ingredient for calibration to
- swaption quotes (volas)
- caplet quotes (volas)



Short Rate Models

CIR model:

term structure given by:

1st and 2nd momentum given by:



Short Rate Models

CIR - explicit European option price:   



Short Rate Models

deterministic shift extension:  → enables calibration to term structure

→

→

calibration:

→

→
option prices calibrated to term structure curve



Short Rate Models

shifted Gaussian model (Hull White):

calibration to term structure:

calibration of (σ,a) 
→ optimization problem: 
minimize deviation of option prices
from quoted market values
(swaptions, caplets)



Short Rate Models

shifted CIR model (CIR++):

calibration to term structure:

calibration of (σ,a) 
→ optimization problem: 
minimize deviation of option prices
from quoted market values
(swaptions, caplets)



Short Rate Models

calibration of vola and mean reversion parameters

=:S

inverse problem:    find (σ,a) such that is obtained

→ use e.g. an adaptive lattice algorithm with logarithmic scales
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Pricing of IR Derivatives

Forward Rate Agreements (FRAs)

forward rate:

the rate X which makes the FRA fair at time 0 



Pricing of IR Derivatives

→ forward martingale measure



Pricing of IR Derivatives

Swaps



Pricing of IR Derivatives

forward swap rate

the rate X which makes the swap fair at time 0 

numeraire

→ swap martingale measure



Pricing of IR Derivatives

swap rate in terms of forward rates

linear approximation:



Pricing of IR Derivatives

European Bond Options

Monotonicity condition is satisfied for affine term structure with A,B>0
→ HW, CIR++ applicable



Pricing of IR Derivatives

Swaptions



Pricing of IR Derivatives

Bermudean bond options / swaptions: 

1. use tree approximation for a time-
homogeneous short rate process (V,CIR):

→ tree algorithm e.g. trinomial

2. determine branching probabilities from the moments

→

→



Pricing of IR Derivatives

tree algorithm e.g. trinomial

2. determine tree-approximation for the calibrated
shift extended short rate process (HW,CIR++): 

→ calibrate the shift

to the market term structure P(0,T):

with

!
!

!

3. determine the underlying prices on the tree

4. evaluate the derivative backward through the tree



Pricing of IR Derivatives

summary:

bonds, FRAs, swaps: 
can be priced as linear combination of zerobonds
with respect to an appropriate numeraire

European bond options, swaptions:
can be priced as linear combination of options on zerobonds

caps/floors:
can be priced as linear combination of European options on forward rates

Bermudean options/swaptions:
can be priced using a tree-approximation for the short rate process

exotic derivatives with strongly path-dependent payoff:
need simulation → simulation of market (LIBOR) forward rates
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Market Forward Rate Models

most important versions:  

• LIBOR market model (Brace Gatarek Musiela 1997)
based on a multi-dim. stochastic process for the forward rates

• swap market model (Rebonato et al 1999)
based on a multi-dim. stochastic process for the swap rates

problem: log-normal assumption can not be satisfied for both
forward rates and swap rates
but:
relevant quoted volas: caplets and swaptions

nevertheless: consider log-normal forward rate model

(using the forward martingale measure)



Market Forward Rate Models

log-normal forward rate model



Market Forward Rate Models

→ when calibrating lognormal forward rate model swaptions
consider terminal correlations of the forward rates
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Stochastic Credit Default Models



Stochastic Credit Default Models

→

i.e.

Proposition:
→



Stochastic Credit Default Models



1. Interest Product Valuation

• Stochastic Interest Models
• Short Rate Models
• Pricing of IR Derivatives
• Market Forward Rate Models

2. Credit Derivatives Valuation

• Stochastic Credit Default Models
• Pricing Credit Default Swaps
• Stochastic Intensity Models
• CDS Options
• CDS Rate Models



Pricing Credit Default Swaps

Payoff variants of CDS:



Pricing Credit Default Swaps

artificial variant



Pricing Credit Default Swaps



Pricing Credit Default Swaps

General pricing



Pricing Credit Default Swaps



Pricing Credit Default Swaps

Pricing under independence of interest rates and default times



Pricing Credit Default Swaps

→ all determined by and



Pricing Credit Default Swaps

bootstrapping survival probabilities from CDS quotes



Pricing Credit Default Swaps

bootstrappng survival probabilities from CDS quotes



Pricing Credit Default Swaps



Pricing Credit Default Swaps

solve sucessively

……..



Pricing Credit Default Swaps

constant hazard rate:

Note: the assumption of continuous payment !
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Stochastic Intensity Models

e.g. HW      x  HW        → Schönbucher
CIR++  x  CIR++   → Brigo / Mercurio



Stochastic Intensity Models



Stochastic Intensity Models

need: and



Stochastic Intensity Models



Stochastic Intensity Models

this yields finally explicit expressions for the expectations and



Stochastic Intensity Models
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CDS Options



CDS Options

setting
for PRCDS+

for PRCDS-
the payoff of a PRCDS is



CDS Options



CDS Options

CDS forward rate is martingale w.r.t. the numeraire above



CDS Options
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CDS Rate Models

for PRCDS-

„CDS  spreads“



CDS Rate Models



CDS Rate Models

Normalized CDS rate („spread rate“) in terms of CDS forward rates


